We study the behavior of skyrmions in thin films under the action of stochastic torques arising from thermal fluctuations. We find that the Brownian motion of skyrmions is described by a stochastic Thiele's equation and its corresponding Fokker-Planck equation. The resulting Fokker-Planck equation is recognized as the one for a high-friction Brownian particle which has been studied extensively in different physical contexts. It is shown that thermal fluctuations favor the skyrmion motion allowing a finite mobility even in presence of pinning traps. We calculate explicitly the mobility tensor of skyrmions in linear response to an electric current finding that it increases with temperature.
I. INTRODUCTION
Skyrmions are topologically protected vortexlike spin structures [1] [2] [3] [4] [5] . Recently observed in chiral magnets [6] [7] [8] [9] [10] [11] [12] , they have received great attention for potential applications in spintronics because it is possible to manipulate their position with low current densities [13] . They were observed in bulk magnets MnSi [6] [7] [8] , Fe 1−x Co x Si [9, 10, 14, 15] , Mn 1−x Fe x Ge [16] , and FeGe [17] using neutron scattering and Lorentz transmission electron microscopy. In these systems, skyrmions with diameters of about a few tens of nanometers were induced by an external magnetic field. Two dimensional atomic-scale magnetic skyrmion lattices have been created in a monoatomic layer of Fe atoms on top of an Ir(111) surface [18] . Due to their topological nature, skyrmions are stable against moderate perturbations. Numerical simulations have shown that under the influence of spin transfer torques, isolated skyrmions can be created and manipulated [19, 20] . Two key factors that motivate the study of skyrmions are their small size (few tens of nanometers) and the relatively low current densities needed in order to drive their motion [7, 13] . Those two factors make the skyrmion system a very promising tool for information storage. Experimentally skyrmions in thin films have been observed at low temperatures; however energy calculations predict that isolated skyrmions are expected to be stable even at room temperature [18] . Proper understanding of the Brownian motion of skyrmions arising from thermal fluctuations is a very important open issue regarding skyrmion dynamics. It has been proposed by numerical simulations [21] , and experimentally in Ref. [22] , that skyrmions dynamics is activated when exposed to a thermal gradient and also displays a thermal creep motion in a pinning potential in Ref. [23] .
In this paper we study the random motion of magnetic skyrmions arising from thermal fluctuations. Moving as a coherent entity the skyrmion will respond to the thermal fluctuations obeying a stochastic equation of motion. Such equation of motion reduces to the well known Thiele equation in the limit of zero noise. The structure of this paper is the following. In Sec. II, the structure of such an equation is derived and the corresponding Fokker-Planck equation is presented. To explore the stochastic behavior of the skyrmion * r.e.troncosocona@gmail.com we study, in Sec. III, the solutions of the Fokker-Planck equation in the presence of a confining periodic potential in one direction. We solve the Fokker-Planck equation and study the skyrmion mobility and its dependence on temperature.
II. STOCHASTIC DYNAMICS
The starting point is the stochastic Landau-Lifschitz-Gilbert (LLG) equation [24] [25] [26] [27] [28] [29] [30] [31] for the magnetization direction that incorporates adiabatic and nonadiabatic [32] [33] [34] [35] [36] [37] spin-transfer torques [38, 39] , defined as −v s · ∇ and βv s · ∇ characterized by the dimensionless parameter β, respectively. Here, v s = −(pa 3 /2eM) j is the spin velocity of the conduction electrons, p is the spin polarization of the electric current density j, e(>0) the elementary charge, a the lattice constant, and M the magnetization saturation. The stochastic LandauLifshitz-Gilbert equation reads
where H eff is the effective field and α the Gilbert damping constant. In the above equation h is a Gaussian stochastic magnetic field describing the thermal agitation of the magnetization and obeying a zero average and two-point correlations [24] 
with j,j the Cartesian components, a 2 the volume of the finite element grid and where δ jj and δ(. . . ) stand for the Kronecker and Dirac delta symbols respectively. The strength of the noise is given by σ = 2αk B T / , i.e., proportional to the thermal energy k B T and the Gilbert damping parameter α. Note that we are neglecting the influence of current, and their fluctuations, on damping and fluctuation strength, because these effects are of higher order [40, 41] . This relation between noise and damping stems from the fluctuation-dissipation theorem [24] ; thereby we are implicitly assuming a low-energy approximation.
The Landau-Lifshitz-Gilbert equations have solutions that correspond to particlelike excitations propagating with a well defined velocity. Examples of such behavior can be found in the dynamics of domain walls [42] [43] [44] [45] [46] [47] [48] [49] . The description of single-skyrmion dynamics consists of a basic model for a particlelike motion where the magnetization vector is parameterized via collective coordinates. For a single skyrmion moving rigidly along the trajectory x(t) we take as an ansatz the magnetization profile (r,t) = 0 (r − x(t)), where 0 represents the static skyrmion texture centered at the origin. The skyrmion profile 0 is obtained by minimizing the magnetic energy that includes the contributions from exchange energy, perpendicular anisotropy, and Dzyaloshinskii-Moriya interaction. Such minimization can be accomplished numerically as described Ref. [50] . Plugging-in the ansatz on the LLG equation and integrating over complete space we get for the skyrmion dynamics, characterized by its collective coordinate x(t), a Langevin's equation that has the form of stochastic Thiele's equation
with the 2 × 2 matrix a αβ = − αγβ g γ + αD αβ , αβγ is the Levi-Civita symbol, and where summation over repeated indices is assumed. F α and η α are both the deterministic and stochastic forces respectively, defined below. Clearly in the absence of noise the Eq. (3) is reduced to the so-called Thiele's equation [51] . The first term of the matrix a contains the gyromagnetic vector defined by g α = − 
The drift velocity of the skyrmion in the Langevin's equation [Eq. (3)] is affected, on one side, by a deterministic force F given by
, that explicitly can be written as
containing both the gyrotropic and dissipative contribution due to the electron's coupling, and also by a force due to the potential V [x] from the surrounding environment, e.g.,, magnetic impurities, local anisotropies, or geometric defects. This term,
, derives from an inhomogeneous magnetic field H(x) coupled to the magnetization of the ferromagnet and a position-dependent perpendicular anisotropy
respectively. In absence of the potential term, Eq. (3) reduces to the equation obtained in Ref. [21] . On the other hand, in Eq. (3) there is a stochastic forcing on the skyrmion motion that has a strength of the Gaussian noise η j that turns out to be
and hence an effective diffusion constant depends not only on the Gilbert damping but on the dissipative force that is parametrized by the dissipative parameter D in the ferromagnet.
In addition, we are interested in the probability distribution P [x; t] associated with the skyrmion dynamics, which is defined as the probability density that a skyrmion at time t is in the position x. The probability distribution is thus formally written as P [x; t] = δ(x(t) − x) and the differential equation of motion that it obeys is known as the Fokker-Planck equation and its derivation constitutes a standard issue in stochastic process [52, 53] . The Fokker-Planck equation associated with the skyrmion motion, derived from Eq. (3), is
where summation over repeated subscripts is understood. The Eq. (9) may be written as ∂P /∂t + ∂S α /∂x α = 0 in agreement with the conservation of probability, where we have introduced the definition for the probability current density S α = −a −1
P . At this point we note that Eq. (9) involves only derivatives on the position, due to the structure of Eq. (3), and hence corresponds to the standard Brownianmotion theory for a high-friction particle [53] . It is indeed linked to the assumption that the skyrmion does not undergo deformations on its size, i.e., a displacementlike rigid motion. When this is not so, this typically leads to an effective mass that quantifies such deformation [22] or the emission of spin waves.
III. SKYRMION MOBILITY
Having discussed the derivation of the stochastic skyrmion motion, which is governed by the stochastic Thiele's equation and equivalently its Fokker-Planck equation, we now focus on the average drift motion of the skyrmion and its mobility, and restrict ourselves to the periodic potential case.
For simplicity we assume a potential varying along the x direction and given by V (x) = −V 0 cos(2πx/λ), with the assumption that the period of the potential λ is greater than the size l sk of the skyrmion (typically l sk ∼ 20 nm which is comparable to the experimentally observed sizes in MnSi, that is, 18 nm [6] [7] [8] ). It is worth mentioning that the deterministic skyrmion motion under periodic potential, i.e., that described by Thiele's equation (without noise), can be solved exactly. This solution shows a pinning effect, in the x direction, arising from the external potential and constraining its motion along the y direction. That effect is only overcome for current densities above the threshold current value
Hereafter, we show that this extrinsic pinning behavior is reduced due to thermal influence.
The resulting Fokker-Planck equation is recognized as the one for a high-friction Brownian particle in a periodic potential, which has been studied extensively in different physical contexts [53] . In the stationary limit, the probability distribution P [x,t] can be calculated exactly assuming an homogeneous distribution along y direction. The above statement means that ∂S y /∂y ≡ 0, which leads to the total current of probability to be a constant, and therefore one obtains the well-known result [53] 
with the integration constant N that is obtained requiring the normalization of the distribution probability. The parameters in Eq. (10) are defined as = a
with the superscript indicating the constant part of Eq. (6). The y component of the probability current is found to be S y = g αD
, where the constant probability current S x given by
The average drift velocity, determined directly from the probability distribution ( ẋ(t) = dxẋ(t)P [x,t]), can be calculated exactly and it is found to be given in terms of the constant probability current S x by the relation u α = (2π/λ) λ 0 dxS α . Explicitly, the components of the mean drift velocity for the skyrmion turns out to be u x = 2πS x and u y = (g/αD)u x − (1/αD)F (0) y . In the zero-temperature limit an extrinsic pinning effect appears due to the motion under the periodic potential. That effect is illustrative if we restrict ourselves to an electric current density along x direction only, in which case the zerotemperature behavior for the drift velocity is u x ( → 0) = It is noteworthy that critical current densities to avoid pinning effects in skyrmion dynamics have been studied in similar contexts [23, 54, 55] on chiral magnets. In those cases, the pinning physics has been taken into account by adding phenomenological pinning forces due to the presence of impurities. Magnitudes for depinning current densities have been obtained theoretically [55] and experimentally [56] for a skyrmion lattice on MnSi. Next, we discuss the nonzero temperature regime where the extrinsic pinning is absent.
In Fig. 1 the results for the average skyrmion velocity in the periodic potential are plotted as a function of electric current for various temperatures. Both longitudinal and transverse average velocities, top and bottom panels, respectively, for the thermally driven skyrmion motion were calculated for the Gilbert-damping parameter α = 0.01, the β parameter β = 0.5α, and the dissipative force D = 5.577π (from Ref. [19] ). The nature of the external potential is assumed to be a periodic array of anisotropies arranged along the x direction, with a strength of A = 10 −5 eV and a period of 140 nm. According to the definition of V A [x] we obtain an external potential with a period λ = 80 nm and V 0 = 6Al 2 sk / . As we explain above, at zero temperature the skyrmion displays a locking of the longitudinal motion when v x s < v c . A critical current density with magnitude j c ≈ 4 × 10 6 A/cm 2 enables the skyrmion to avoid the pinning effect. For values of the electric current near j c a longitudinal average velocity u x = O m/s is found, which is less than that transverse velocities u y = O × 10 2 m/s. As the temperature is increasing the extrinsic pinning effect is reduced and therefore the skyrmion is capable of moving along the direction of variation of the potential for any value of the current. It is associated with the ability of the skyrmion to tunnel through the potential barrier due to the influence of fluctuating torques. Despite that the extrinsic pinning stems from a periodic potential, note that the magnitude of our estimated critical current is comparable with values obtained by numerical simulations to depin skyrmions from material disorder [19] and triangular notches of stronger perpendicular anisotropy [13] .
It is clearly seen in Fig. 1 , and followed from the expression of the mean drift velocity, that at higher temperatures there is a linear dependence of the average skyrmion velocity on current density; indeed we found
When the potential strength is greater, this behavior keeps as we increase the current density. Such a tendency of the average velocity is precisely established by means of the calculation of mobility at any temperature. In the linear response, i.e., at small electric density currents, the mobility tensor is defined by μ αβ = ∂u α /∂v β s | v β s =0 . Inserting the expression for the probability current [Eq. (11) ] in the result for the average skyrmion velocity we find that
where I 0 is the modified Bessel function of the first kind. We should also note that taking the high-temperature limit the xx and yx components of the mobility tensor obey μ xx = −
, that recovers our evaluation for the (v x s ,u α ) relation. Figure 2 shows the curves for the skyrmion mobility (absolute value) as a function of temperature for different strengths of the potential. To link that result with those for the average skyrmion velocity, we present a prototype case described by the component μ xx , that quantifies the longitudinal skyrmion motion response under small current densities along the x direction. The slow variation of the mobility as we increase the strength of the potential relates to the shift of the critical current density to overcome the pinning of the skyrmion.
IV. DISCUSSION AND CONCLUSIONS
We have investigated the mechanisms in which thermal fluctuations influence the current-driven skyrmion motion. Based on the stochastic Landau-Lifschitz-Gilbert equation we derived the Langevin equation for the skyrmion motion. This equation has the form of a stochastic Thiele's equation, that describes the nonzero-temperature dynamics of a rigid single skyrmion. From the stochastic Thiele's equation we derived its associated Fokker-Planck equation. By solving explicitly this equation we deduce an exact expression for the average drift velocity of the skyrmion under a periodic potential. The longitudinal and transverse mobilities of skyrmions for small applied electric current densities were also determined.
We find that skyrmions move along the direction of the potential gradient at any nonzero temperature, even for current densities below the critical depinning current j c ≈ 4 × 10 6 A/cm 2 , for the parameters used in the main text. This thermally activated depinning of a current-induced single skyrmion is one of our main conclusions, namely, the skyrmion can overcome the energy barrier, and thus, penetrate across the periodic potential due to the thermal agitation. In addition, thermal fluctuations also affect the transverse motion of the skyrmion increasing its velocity with respect to the zero-temperature case.
In this paper a particlelike description has been assumed to treat the skyrmion dynamics, i.e., we consider that its internal structure is rigid. This assumptions is still valid as long as deformations of the skyrmion remain small. The hypothesis of a rigid skyrmion is violated by two processes, the deformation of the skyrmion pattern and the emission of spin waves. It is known that the deformation of the skyrmion introduces an inertia term [22] (masslike) into the equations of motion. On the other hand the emission of spin waves is expected to introduce an enhanced damping [57] . To assess the validity of the approximation we use the energy barriers that need to be overcome by the thermal fluctuations in order to excite the internal modes of the skyrmion. Based on the results obtained by Ref. [58] , we then find for MnSi that the minimum thermal energy necessary to excite the internal modes is k B T ≈ 7 meV, meaning that the rigid skyrmion-motion hypothesis is valid within the range of temperature 0-80 K. For MnSi we used a strength of exchange and Dzyaloshinskii-Moriya interactions as D ≈ 0.3 meV and J ≈ 3 meV, respectively (from Ref. [58] ). Furthermore, the model implies that at high-temperatures u α varies linearly with current density, with a proportionality factor that depends on intrinsic parameters only, such as Gilbert damping, skyrmion-charge, and dissipative force tensor. This tendency is exhibited by the skyrmion mobility for high temperatures. The role of nonzero temperatures on skyrmion dynamics is expected to be dominant at low current densities near to the depinning current. Thus, thermally assisted currentdriven rigid skyrmion dynamics could play an important role on the understanding of fundamental physics issues as well as in technological applications [59] . In future work, it might be relevant to investigate a more realistic situation incorporating effects such as, e.g., deformation of the moving skyrmion and its interaction with a random distribution of impurities.
